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Abstract
Fracture functions are parton distributions of an initial hadron in the presence of an almost collinear
particle observed in the final state. They are important ingredients in QCD factorization for processes
where a particle is produced diffractively. There are different fracture functions for a process in different
kinematic regions. We take the production of a lepton pair combined with a diffractively produced
particle in hadron collisions to discuss this. Those fracture functions can be factorized further if there
are large energy scales involved. We perform one-loop calculations to illustrate the factorization in the
case with the diffractively produced particle as a real photon. Evolution equations of different fracture
functions are derived from our explicit calculations. They agree with expectations. These equations
can be used for re-summations of large log terms in perturbative expansions.
1. Introduction
It is well-known that QCD factorization can be used to predict inclusive productions of a particle
with large transverse momentum in hadron-collisions or in Semi-Inclusive DIS(SIDIS). The predictions
from QCD factorizations are made in terms of parton distribution functions and parton fragmentation
functions. But, if the transverse momentum k⊥ of the produced particle is very small in hadron collisions
or the particle produced in SIDIS is in target fragmentation region, the predictions with parton distribu-
tion functions and parton fragmentation functions fail, because perturbative coefficient functions in the
factorization become divergent as powers of ln k⊥.
It has been proposed in [1] to use fracture functions to describe particle production in target frag-
mentation region of DIS. Experimentally, evidences of such a production have been found at HERA[2].
An one-loop calculation in [3] of SIDIS shows that QCD factorization with fracture functions can be
made in the target fragmentation region in the sense that perturbatively calculable part is finite. At the
moment, most information about fracture functions comes from analysis of HERA data, e.g., in [4, 5].
For hadron collisions, factorizations with fracture functions for the production of one particle combined
with a lepton-pair have been shown to hold at one-loop level in [6, 7], where the produced particle is in
the forward- or backward regions. We notice that fracture functions used in these works are for the case
where the transverse momentum of the particle in the final state is not observed or integrated over.
Fracture functions, also called as diffractive parton distributions, are parton distributions of an initial
hadron with one diffractively produced particle observed in the final state. There are different fracture
functions, which can be used in different kinematic regions of a process. Taking the production of a lepton
pair with large invariant mass in hadron collisions associated with a diffractively produced particle as an
example, there are two kinematic regions where predictions can be made with fracture functions. One is
the region in which the lepton pair is with large transverse momentum. The differential cross-section in
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this region can be factorized with the integrated fracture functions of partons, whose transverse momenta
are integrated over. Another region is specified by the small transverse momentum of the lepton pair.
In this case, the transverse momenta of partons can not be neglected, because the small transverse
momentum of the lepton pair comes partly from that of partons. For this region, one needs to introduce
Transverse Momentum Dependent(TMD) fracture functions. Integrated fracture functions have been
defined in [8], where their asymptotic behavior has been derived for the region where the momentum
fraction of the struck parton approaches its maximal value. In [9] TMD quark fracture functions have
been classified for a polarized spin 1/2 hadron in the initial state.
In this work, we discuss the factorizations for the production of lepton pair associated with a diffrac-
tively produced photon in hadron collisions in the two different kinematic regions discussed in the above.
These factorizations can be proved following the proof for Drell-Yan processes in [10]. Then we study the
factorization properties of integrated- and TMD quark fracture functions in the case that the produced
particle is a real photon. We show that at one-loop level the integrated fracture function can be factorized
with standard twist-2 parton distributions and fragmentation functions if the transverse momentum of
the photon is large. We also show that the TMD quark fracture function in the impact parameter b
space can be factorized similarly, or with the integrated fracture function, if the parameter b is small.
Although we take the case of the photon, the general features of factorizations of fracture functions are
the same as those in the case of a hadron. Through our results we can derive evolution equations and
Collins-Soper equation of TMD fracture function. With arguments these equations are expected to be
the same as those of twist-2- or TMD parton distributions. In this work we give their explicit derivations.
Using these equations one can perform re-summations of large log’s in perturbative coefficient functions
in collinear factorizations.
In this work we are concentrated on the case where a photon is produced diffractively. If we consider
the production of a hadron instead of the photon, the factorization of differential cross-sections with
fracture functions can be failed for hadron collisions as shown in [11]. For inclusive production of a
single hadron in target fragmentation region of SIDIS, one can prove the factorization with fracture
functions, as discussed in [8, 12]. The results about factorizations of fracture functions in a hadron are
more complicated than those presented in this work. They are under preparing.
Our paper is organized as in the following: In Sect.2 we give and discuss factorization formulas
with fracture functions for differential cross-section of the production of a lepton pair associated with
a diffractively produced photon from hadron collisions in two kinematical regions. We also discuss the
equivalence between TMD factorizations with differently defined TMD parton distributions. In Sect.3 we
show at one-loop level that the integrated fracture function at large transverse momentum is factorized
with parton distribution functions and fragmentation functions. A part of the evolution equation is the
same as that of quark distribution as shown from our explicit result. In Sect.4 we study the TMD quark
fracture function at large transverse momenta or at small impact parameter b. We show that at one-loop
level the function can be factorized in terms of parton distribution functions and fragmentation functions
if the transverse momentum of the final photon is large. We also show that in the case of the small
transverse momentum the TMD fracture function in impact b-space is factorized with the integrated
fracture function. From our results we derive the evolution equation of the renormalization scale µ and
Collins-Soper equation. These equations are the same as those of TMD quark distribution as expected.
Sect.5 is our summary.
2. Factorizations of Differential Cross-sections
2.1. Notations
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We will use the light-cone coordinate system, in which a vector aµ is expressed as aµ = (a+, a−,~a⊥) =
((a0 + a3)/
√
2, (a0 − a3)/√2, a1, a2) and a2⊥ = (a1)2 + (a2)2. We introduce two light cone vectors nµ =
(0, 1, 0, 0) and lµ = (1, 0, 0, 0). The transverse metric is given by gµν⊥ = g
µν − nµlν − nν lµ.
We consider the process:
hA(PA) + hB(PB)→ γ∗(q) + γ(k) +X, (1)
where the virtual photon will decay into an observed lepton-pair. The momenta are indicated in brackets.
We take a frame in which the momenta in the process are given by:
PµA = (P
+
A , 0, 0, 0), P
µ
B = (0, P
−
B , 0, 0), q
µ = (q+, q−, ~q⊥), k
µ = (k+, k−, ~k⊥), q
2 = Q2. (2)
We are interested in the kinematical region:
Q2 ≫ Λ2QCD, kµ ∼ Q(1, λ2, λ, λ), λ≪ 1, (3)
i.e., the observed photon is produced diffractively. We define the hadronic tensor for the process in Eq.(1)
as:
W µν =
∑
X
∫
d4x
(2π)4
eiq·x〈hA(PA), hB(PB)|q¯(0)γνq(0)|X, γ(k)〉〈γ(k),X|q¯(x)γµq(x)|hA(PA), hB(PB)〉, (4)
where the spin of the initial state is averaged and the spin of the final photon is summed. For simplicity
we set the charge fraction eq of quarks as 1. We consider the differential cross-section, in which only the
momenta of the photon and the lepton pair are observed. It is given by:
(2π)32k0
dσ
d4qd3k
=
e4
12πsQ2
Wµν
(
qµqν
q2
− gµν
)
(5)
with s = 2P+A P
−
B .
With Q2 ≫ Λ2QCD, there are effects which are calculable with perturbative QCD. One can sepa-
rate or factorize nonperturbative effects from perturbative effects. The hadronic tensor takes different
factorization forms in different regions of the transverse momentum q⊥ of the lepton pair.
2.2. Factorization with TMD fracture function
We discuss here the case with q⊥ ∼ Qλ. At tree-level W µν receives the contribution from Fig.1, where
a quark comes from hadron hA annihilates with an antiquark q¯ from hB into the virtual photon. Since
the real photon has k⊥ ∼ Qλ with λ → 0, its production is nonperturbative. The description of the
production is given by the fracture function indicated by the lower bubble in Fig.1. Since q⊥ is small,
one can not neglect the transverse momenta of partons.
Following general arguments for the factorization of Drell-Yan processes and SIDIS in [10, 13], the
hadronic tensor can be factorized with TMD fracture function of hA and TMD parton distribution of
hB . We define the TMD fracture function of hA in impact parameter b-space with the transverse vector
bµ = (b1, b2) as:
Fq/hA(x, b, ξ, k⊥) =
∫
dλ
4π
eixP
+
A
λ
∑
X
〈hA(PA)|q¯(0)Lu(0)γ+|X, γ(k)〉〈γ(k),X|L†u(λn+ b)q(λn+ b)|hA(PA)〉. (6)
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Figure 1: Tree-level diagram for the hadronic tensor.
Transforming it into the momentum space the function in the transverse momentum space is obtained:
Fq/hA(x, kA⊥, ξ, k⊥) =
∫
d2b
(2π)2
eikA⊥·bFq/hA(x, b, ξ, k⊥), (7)
with k+ = ξP+A . Here, the quark as the parton carries not only the part of the hadron momentum given
by k+A = xP
+
A , but also a transverse momentum kA⊥. The momentum fraction x of the parton is in
the region 1 − ξ > x > 0. Lu is a gauge link to make the definition gauge invariant. Because kA⊥ is
not integrated over, light-cone singularities will appear if one defines TMD parton distributions with a
gauge link along light-cone directions. Light-cone singularities are also called as rapidity divergences. We
regularize the singularities as in [10, 13] by introducing the gauge link slightly off light-cone direction:
Lu(ξ) = P exp
(
−igs
∫ 0
−∞
dλu ·G(λu + ξ)
)
, (8)
with uµ = (u+, u−, 0, 0) and u− ≫ u+. With the small- but finite u+ light-cone singularities are regular-
ized. The physical interpretation of the defined TMD fracture function is the parton distribution of hA
in the presence of an observed photon in the final state. In the definition of Eq.(6) one should also add
the gauge link of electromagnetic field to make the definition Uem(1) gauge invariant. In this work we
take the light-cone gauge n · A = 0 for QED, the electromagnetic gauge links are 1 and can be omitted.
We work only with the leading order of QED.
The TMD parton distribution of hB is defined similarly to Eqs.(6,7) as:
fq¯/hB (y, b) = −
∫
dλ
4π
e−iyP
−
B
λ〈hB(PB)|q¯(0)γ−Lv(0)L†v(λl + b)q(λl + b)|hB(PB)〉,
fq¯/hB (y, kB⊥) =
∫
d2b
(2π)2
e−ikB⊥·bfq¯/hB (x, b), (9)
where the anti-quark as the parton carries the momentum k˜µB = (0, yP
−
B , k
1
B⊥, k
2
B⊥). The gauge link
Lv here is along the direction vµ = (v+, v−, 0, 0) and v+ ≫ v−. The gauge links along non-light-like
directions introduce the dependence of TMD parton distribution and TMD fracture function on hadron’s
energies or the parameters
ζ2v =
(2yv · PB)2
v2
, ζ2u =
(2xu · PA)2
u2
(10)
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respectively. The evolution of TMD fracture function and parton distribution along these parameters are
governed by Collins-Soper equations, which are useful for resummations of large log’s of k⊥/Q or q⊥/Q
in perturbative coefficient functions of collinear factorization.
Because the transverse momentum q⊥ can also be generated from radiations of soft gluons, one needs
not only TMD fracture function and TMD parton distribution for the factorization, but also a soft factor.
The needed soft factor for the subtraction of soft gluons is defined as:
S(b, ρ) =
1
Nc
〈0|Tr
[
L†v(b)Lu(b)L†u(0)Lv(0)
]
|0〉, (11)
with ρ2 = (2u · v)2/(u2v2). At tree-level one has S(0)(b, ρ) = 1. Following the studies in [10, 13], the
hadronic tensor in the kinematical region q⊥ ∼ Qλ can be factorized as:
W µν = −gµν⊥
1
Nc
H(Q, ζu, ζv)
∫
d2b e−ib·q⊥fq¯/hB (y, b, ζv)Fq/hA(x, b, ξ, k⊥, ζu)S−1(b, ρ) + · · · , (12)
with qµ = (xP+A , yP
−
B , q
1
⊥, q
2
⊥). There are power corrections to the factorization formula denoted by · · ·.
They are suppressed by powers of λ or ΛQCD/Q. H is the perturbative coefficient. It is the same as that
in TMD factorization of Drell-Yan process. From the explicit calculation in [14, 15], the perturbative
coefficient is:
H = 1 +
αsCF
2π
[
2π2 − 4− ln µ
2
Q2
(
1 + ln ρ2
)
− ln ρ2 + 1
2
(
ln2
Q2
ζ2v
+ ln2
Q2
ζ2u
)]
+O(α2s). (13)
In Eq.(12) we only give the contribution from the quark fracture function of hA and the TMD
antiquark distribution of hB . There are contributions from the TMD quark distribution of hB and
the TMD antiquark fracture function of hA. They can be obtained through transformation of charge-
conjugation, i.e., by reversing the directions of quark lines in Fig.1.
In the above, the used TMD fracture function, parton distribution function are called as unsubtracted
ones. They are defined with non light-cone gauge links for regularizing light-cone singularities. It is
noted that the TMD fracture function here is defined with the same operators used to define TMD
parton distributions, if one ignores the photon in the intermediate state in Eq.(6). There are different
methods to regularize or eliminate the singularities. With different methods TMD parton distributions
can be defined differently. In [16] light-cone gauge links are used to define unsubtracted TMD quark
distributions. The light-cone singularities are cancelled by a soft factor which is different than the one
here. In the framework of Soft Collinear Effective Theory(SCET), only light-cone gauge links are used.
The light-cone singularities are regularized by the so-called δ-regulators in [17] or by the ν-regulators in
[18]. Although TMD factorizations can be different with different TMD parton distributions, they are
equivalent to each other. In the below we discuss the equivalence with Drell-Yan processes as an example,
i.e., the process in Eq.(1) without the real photon in the final state.
The unsubtracted TMD quark distribution of hA with non light-cone gauge links is similar to Eq.(6):
fq/hA(x, b, ζu) =
∫
dλ
4π
eixP
+
A
λ〈hA(PA)|q¯(0)Lu(0)γ+L†u(λn + b)q(λn + b)|hA(PA)〉, (14)
and the unsubtracted antiquark distribution fq¯/hB of hB is defined in Eq.(9). It depends on the parameter
ζv. With the defined soft factor in Eq.(11) we can define the subtracted TMD parton distribution as:
q(x, b, ζu, ρ) =
fq/hA(x, b, ζu)√
S(b, ρ)
, q¯(x, b, ζv, ρ) =
fq¯/hB(x, b, ζv)√
S(b, ρ)
. (15)
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With these subtracted distributions, the hadronic tensor of Drell-Yan processes in the region of small q⊥
is factorized as[13]:
W µν = −gµν⊥
1
Nc
H(Q, ζu, ζv)
∫
d2b e−ib·q⊥q(x, b, ζu, ρ)q¯(y, b, ζv , ρ) + · · · , (16)
with the same perturbative coefficient H as given before. It should be noted that here the light-cone
singularities in the TMD quark- and TMD anti-quark distributions are regularized independently, i.e.,
ζu and ζv are independent parameters. The parameter ρ from the soft factor is fixed by ζuζv = ρQ
2.
In [16] a definition of the subtracted TMD quark distribution is given by taking the light-cone gauge
link in the unsubtracted one. The subtracted one is divided with a different soft-factor than that in
Eq.(11). The used soft factor is defined as a combination of different products of four gauge links. The
light-cone singularity is cancelled by the soft factor. However, the soft factor contains gauge links along
non-light-cone directions, characterized by the rapidity yn. In the limit yn → ±∞, light-cone singularity
appears. Therefore, the introduced TMD quark distribution in [16], denoted as qJ(x, b, ζc), depends on
the parameter ζc:
ζ2c = 2(xP
+
A )
2e−2yn . (17)
Although the two subtracted distributions q and qJ are different, they have the same soft divergences.
Therefore, the difference between the two distributions can be calculated perturbatively. From explicit
results in [19] we can derive the relation between the two distributions at one-loop:
q(x, b, ζu, ρ) = C(b, ζu, ρ, ζc)qJ(x, b, ζc), (18)
with the perturbative coefficient as:
C(b, ζu, ρ, ζc) = 1 +
αsCF
2π
[
− 1
2
ln2
ζ2u
µ2
− ln ζ
2
u
ρζ2c
ln
µ2b2e2γ
4
+ ln
ζ2u
µ2
− 2− π
2
2
]
+O(α2s), (19)
where γ is Euler constant. Such a relation is also expected in the case of TMD fracture functions.
The factorization with TMD parton distributions in [16] is then given as:
W µν = −gµν⊥
1
Nc
HJ(Q)
∫
d2b e−ib·q⊥qJ(x, b, ζc)q¯J(y, b, ζc¯) + · · · . (20)
In the above the parameter ζc¯ in the anti-quark distribution q¯J , corresponding to ζc in qJ , is not inde-
pendent. It is given as 2(yP−B )
2e2yn . This results in that the perturbative coefficient HJ(Q) does not
depend on yn or is free from light-cone singularities.
In the factorization given in Eq.(16) the parameter ζu and ζv are independent. If we take ζu = ζc and
ζv = ζc¯, and express the TMD parton distributions in Eq.(16) with those defined in [16] by using Eq.(18)
, we obtain the factorization formula in Eq.(20) and the perturbative coefficient HJ(Q):
HJ(Q) = C(b, ζc, 1, ζc)C(b, ζc¯, 1, ζc¯)H(Q, ζc, ζc¯)
= 1 +
αsCF
2π
[
3 ln
Q2
µ2
− ln2 Q
2
µ2
+ π2 − 8
]
+O(α2s). (21)
The derived coefficient is in agreement with the coefficient given in [16]. This shows that the two
factorizations with differently defined TMD parton distributions are equivalent. It is noted with ζu = ζc
and ζu = ζc¯ that we have ρ = 1 and the perturbative coefficient C does not depend on b.
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In the framework of SCET, TMD factorization of Drell-Yan processes has been studied intensively
with the so-called δ-regulators in [17]. Although the regulator is introduced in SCET, in full QCD it
is equivalent to take light-cone gauge links to define unsubtracted TMD parton distributions and soft
factor. But, the used gauge links are modified[20]. E.g., the gauge link along the n-direction, or Lu with
u+ = 0 is modified as:
P exp
(
− igs
∫ 0
−∞
dλn ·G(λn + x)
)
→ P exp
(
− igs
∫ 0
−∞
dλn ·G(λn+ x)e−δ+λ
)
. (22)
With the small- but finite δ+ light-cone singularities are regularized. Because the subtracted TMD parton
distributions involve a soft factor containing gauge links along the n- and l-direction, they depend on the
parameters δ+ and δ−, the later regularizes the light-cone divergences in gauge links along the l-direction.
Taking δ+ ∝ δ−, the subtracted TMD parton distributions are free from light-cone singularities. This is
an advantage of the δ-regulator. With it TMD parton distribution functions have been calculated at two
loop in [21].
The factorization with TMD parton distributions defined with the δ-regulators takes a similar form
as discussed in the above. It is equivalent to the factorization with TMD factorization defined in [16],
as shown in detail in [22]. Therefore, TMD factorizations with subtracted TMD parton distributions
defined in different ways discussed here are all equivalent. Although the discussed equivalence is only
for TMD parton distributions, it is expected that there is also such an equivalence in the case of TMD
fracture functions. In this work we will only study the properties of TMD fracture function defined at
the beginning of this section.
2.3. Factorization with integrated fracture function
We consider here the case that the transverse momentum of the lepton pair is large, e.g., q⊥ ≫ λQ.
In this case the large q⊥ is generated by hard radiations of partons. Therefore, one can neglect transverse
momenta of incoming partons. This results in that one can use collinear factorization. In this kinematical
region, the hadronic tensor at leading power is factorized as:
W µν =
∫
dxAdxB
∑
a,b
wµνab (xAPA, xBPB , q)Fa/hA(xA, ξ, k⊥)fb/hB (xB), (23)
where the sum is over all possible partons. wµν can be calculated with perturbation theory. fb/B is the
standard parton distribution at twist-2, whose definition is given in [23]. Fa is the fracture function of hA.
wµνab can be calculated with perturbation theory. At leading order they are determined by the tree-level
partonic process a + b → γ∗ + c. We will only discuss the quark fracture function Fq here, because of
that it corresponds to the TMD fracture function introduced in the previous subsection.
The quark fracture function appearing in Eq.(23) is defined in [8] as:
Fq/hA(x, ξ, k⊥) =
∫
dλ
4π
eixP
+
A
λ
∑
X
〈hA(PA)|q¯(0)Ln(0)γ+|X, γ(k)〉〈γ(k),X|L†n(λn)q(λn)|hA(PA)〉. (24)
It is noted that in the above the transverse momentum of the quark as a parton is integrated over.
Because of this, the gauge links along the direction nµ = (0, 1, 0, 0) are used. With this definition there
can be light-cone singularities in different contributions to Fq, but the sum is free from the singularities.
3. Factorization of Integrated Fracture Function
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In this section we study the factorization of the integrated fracture function. If the observed photon
in the final state has large transverse momentum, i.e., k⊥ ≫ ΛQCD, the integrated fracture function has
a perturbatively calculable part. This part can be separated. The expected factorization takes the form:
Fq/hA(x, ξ, k⊥) =
∑
a
∫
dy
y
fa/hA(y)
[
Ha(x/y, ξ/y, k⊥) +
∑
b
∫
dz
z
Db(z)Hab(x/y, ξ/(yz), k⊥/
√
z)
]
, (25)
where the sum over a or b is the sum over all possible partons in QCD, including the contributions with
the parton a as a quark whose flavor is different than that of q in Fq/hA . Ha and Hab are perturbative
coefficient functions. fa/hA is the twist-2 parton distribution of hA. Da is the fragmentation function of
a parton a decaying into a photon. At one loop level, only Hq,g and Hqg are nonzero. The coefficient
functions Ha and Hab, where the parton a has the flavor other than that of q, will become nonzero beyond
one-loop level.
At tree-level, i.e., at the order O(α0s), only Hq is nonzero. It is the same as the integrated quark
fracture function of a quark at the order:
F
(0)
q/q(x, ξ, k⊥) = H(0)q (x, ξ, k⊥) = 2e2δ(1 − x− ξ)
1
k2⊥
(
γ(ξ)− ǫ
2
ξ2
)
. (26)
The function γ(ξ) is defined as:
γ(ξ) = 1 + (1− ξ)2, (27)
which will be often used in our work. At one-loop, the perturbative coefficient functions receive contri-
butions from Fig.2, Fig.3 and Fig.4. The one-loop correction of Hq is from diagrams given in Fig.2 and
Fig.3. The diagrams in Fig.4 give contributions to Hg and Hgq. In calculations of Fig.2 and Fig.3 we
will have U.V. divergences represented by poles in ǫ = 4 − d. Terms with U.V. poles are subtracted.
There are collinear- and I.R. divergences. The I.R. divergences will be cancelled in the final results. The
collinear divergences will be factorized into fq/hA so that H(1)q is finite. Besides these singularities, there
are light-cone singularities. They will also be cancelled because the transverse momentum of the parton
is integrated here.
(a) (b) (c)
(e)(d) (f)
Figure 2: Diagrams for the fracture function in the case of large transverse momenta. Double lines
represent gauge links. Self-energy diagrams and complex conjugated diagrams should be included.
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(a) (b) (c)
Figure 3: One-loop diagrams for the fracture function. Double lines represent gauge links. Self-energy
diagrams and complex conjugated diagrams of the diagrams are not given here.
We first look at the contributions from Fig.2 and Fig.3. They are one-loop corrections of fracture
function Fq/q of an initial quark. The contributions from those diagrams, where one gluon is attached to
gauge links along the direction n, have light-cone singularities. But they are cancelled in the sum. In the
sum of the contributions from Fig.2a and Fig.3a and the sum of Fig.2b and Fig.3c there is no light-cone
singularity:
Fq/q
∣∣∣
2a+3a
=
e2αsCF
πk2⊥
γ(ξ)
{(
δ(z) +
x
ξ¯(z)+
)
ln
µ2
k2⊥
+ δ(z)(ln ξ + 2) +
x
ξ¯(z)+
ln ξξ¯2 −
(
lnxz
z
)
+
x
ξ¯
}
,
Fq/q
∣∣∣
2b+3c
=
e2αsCF
πk2⊥
{(
− 2
ǫc
+ ln
k2⊥
µ˜2c
)[
δ(z)
(
γ(ξ) ln ξ¯ + 2− ξ)+ ξ + γ(ξ)
(z)+
− 2
]
+δ(z)
[
1
4
γ(ξ) ln2 ξ +
(
ξ − 2− 3
2
γ(ξ) ln ξ¯
)
ln ξ + ξ2 ln ξ¯ + 2ξ − 4 + π
2γ(ξ)
6
+
γ(ξ)
2
Li2(ξ) +
γ(ξ)
2
Li2
(−ξ¯/ξ)
]
+
(
1
z
)
+
[
ξ2 +
γ(ξ)
2
ln
z¯2
xξ2ξ¯2
]
+
γ(ξ)
2
(
lnx
z
)
+
+γ(ξ)
(
ln z
z
)
+
+ (2− ξ) ln ξξ¯
zz¯
}
, (28)
where µ˜c is given by 4πµ
2
ce
−γ with µc as the scale associated with the collinear divergence. z is given by
z = 1 − x − ξ. We use the notations u¯ = 1 − u to simplify the expressions. The +-distribution in the
above is defined as: ∫ 1−ξ
0
dx t(x)
1
(1 − x− ξ)+ =
∫ 1−ξ
0
dx
t(x)− t(1− ξ)
(1− x− ξ) . (29)
The contributions from other diagrams have no light-cone divergence. They are:
Fq/q
∣∣∣
3b
=
e2αsCF
πk2⊥
δ(z)
[
1
2
γ(ξ) ln
ξµ2
k2⊥
+ ξξ¯
(
2
ǫc
+ ln
ξµ˜2c
k2⊥
)
+
3
2
ξξ¯ + 1
]
,
Fq/q
∣∣∣
2c
=
e2αsCF
πk2⊥
[
ξx
z¯
(
2
ǫc
+ ln
µ˜2c
k2⊥
)
+
(
ξx
z¯
+
x¯
2
)
ln
ξx
zz¯2
+
x¯
2
ln
xz
ξξ¯2
+
γ(ξ)x+ ξ
ξ¯z¯
− z¯
ξ¯
+ ξ − x
]
,
Fq/q
∣∣∣
2d
=
e2αsCF
πk2⊥ξ¯
2
[
γ(ξ)z
(
ln
µ2
k2⊥
+ ln
ξξ¯2
xz
− 1
)
+ ξx
]
,
Fq/q
∣∣∣
2e
=
e2αsCF
πk2⊥
[
−z
(
1 +
x2
z¯2
)(
2
ǫc
+ ln
µ˜2c
k2⊥
+ ln
ξx
zz¯2
)
+
ξξ¯
z¯
]
. (30)
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The contribution of Fig.2f is zero because of that the gauge links are along the direction n with n2 = 0.
Besides the contributions from Fig.2 and Fig.3, there are corrections from external lines and the quark
propagator given by:
Fq/q(x, ξ, k⊥)
∣∣∣∣
E
= −αsCF
4π
[(
− 2
ǫc
+ ln
µ2
µ˜2c
)
+ 2
(
1 + ln
ξµ2
k2⊥
)]
F (0)q (x, ξ, k⊥). (31)
Summing all contributions, we have the divergent part of the one-loop correction:
F
(1)
q/q
∣∣∣∣
div.
=
αsCF e
2
πk2⊥
(
− 2
ǫc
)
γ(ξ/y)
(
1 + y2
(1− y)+ +
3
2
δ(1 − y)
)
, (32)
with y = x+ ξ. The +-distribution here is the standard one:∫ 1
ξ
dy
1
(1− y)+ t(y) =
∫ 1
ξ
dy
1
1− y (t(y)− t(1)) + t(1) ln(1− ξ). (33)
Using the result of the quark distribution of a quark as the target
fq/q(x) = δ(1 − x) +
αs
2π
(
− 2
ǫc
+ ln
µ2
µ˜2c
)
CF
(
1 + x2
(1− x)+ +
3
2
δ(1 − x)
)
+O(α2s)
= δ(1 − x) + αs
2π
(
− 2
ǫc
+ ln
µ2
µ˜2c
)
Pqq(x) +O(α2s), (34)
we find that the collinear divergent part of the one-loop contribution of Fq from Fig.2 and Fig.3 can be
factorized with the quark distribution function. We have then the finite perturbative coefficient:
H(1)q (x, ξ, k⊥) =
e2αsCF
πk2⊥
{
ln
µ2
k2⊥
[
γ(ξ)γ(y¯/ξ¯)
(
1
(y¯)+
− δ(y¯) ln ξ¯
)
− γ(ξ/y)1 + y
2
(y¯)+
]
+δ(y¯)
[
γ(ξ)
(
−3 ln ξ ln ξ¯ + 2 ln ξ¯ + 1
2
ln2 ξ + Li2
(
− ξ¯
ξ
)
+ Li2(ξ) +
π2
6
− 4
)
−4ξ¯ (ln ξ¯ − 2)+ ξ2 + ξ]+ γ(ξ)(1
y¯
)
+
(
2
y¯
ξ¯
ln
x
ξξ¯2
− ln x
2
y2ξ¯2
+
2ξ2
(
xy2 − ξ¯)
y2ξ¯γ(ξ)
)
+
(
−γ(ξ) y¯
ξ¯2
+ y¯ + ξ
)
ln
y¯x
ξξ¯2
+
(
2y − ξ − (y + 1)x
2
y2
)
ln
ξx
y2y¯
− 2ξ¯ ln y
ξξ¯
+
2
ξ¯
ln y¯ − 2 ln yy¯
ξξ¯
+
ξ2 − ξξ¯
y
+
5y¯ + 3
ξ¯
+
(ξ2 − 3)y¯
ξ¯2
+
ξ2
y2
− 3
}
+O(α2s), (35)
which is finite.
The contributions from Fig.4 are those to the fracture function Fq/g of an initial gluon. They are
U.V. finite. They only contain collinear divergences represented by poles in ǫc = 4− d. The results are:
Fq/g
∣∣∣∣
4a
=
e2αs
2πk2⊥
[
−
(
z¯2 + z2
)(x2
z¯2
+ 1
)(
2
ǫc
+ ln
µ˜2c
k2⊥
+ ln
ξx
zz¯2
)
+
ξx¯
z¯
+ 4xz
]
,
Fq/g
∣∣∣∣
4b
=
e2αs
2πk2⊥
[
−
(
x¯2 + x2
)(z2
x¯2
+ 1
)(
2
ǫc
+ ln
µ˜2c
k2⊥
+ ln
ξ3x
zx¯2
)
+
ξ
x¯
(
ξ + x2
)
+ 4xx¯− 3ξx
]
,
Fq/g
∣∣∣∣
4c
=
e2αs
2πk2⊥
[(
x2 + z2
)
ln
xz
x¯z¯
−
(−ξ¯ + x2 + z2) (ξ¯ − 2xz)
x¯z¯
]
. (36)
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(a) (b) (c) (d)
Figure 4: One-loop diagrams for the fracture function of a gluon.
The contribution from Fig.4d is the same as that of Fig.4c. There are collinear divergences in the
contribution from Fig.4a and 4b. It is clear that the collinear divergence in Fig.4b is factorized into
the antiquark fragmentation function into the photon, which is the same as the quark fragmentation
function. This fragmentation function can be easily calculated. Or it can be extracted from the quark
fragmentation function into a gluon which is well-known. We have:
Dq(z) =
e2
8π2
(
− 2
ǫc
+ ln
µ2
µ˜2c
)
1 + (1− z)2
z
+O(αs). (37)
Therefore, we determine Hgq at the leading order as:
Hgq(x, ξ, k⊥) = 4παs
k2⊥
(
x2 + x¯2
)
x¯δ (x¯− ξ) +O(α2s). (38)
Using the result of the quark distribution function of a gluon, which is
fq/g(x) =
αs
2π
(
− 2
ǫc
+ ln
µ2
µ˜2c
)
Pqg(x) +O(α2s), Pqg(x) =
1
2
(
x2 + (1− x)2
)
(39)
at the leading order, we find that the collinear divergence in Fig.4a is factorized. Hence, we have the
finite result for Hg at the leading order:
Hg(x, ξ, k⊥) = e
2αs
2πk2⊥
{
−(y2 + y¯2)
[(
ln
µ2
k2⊥
+ ln
ξx
y¯y2
)(
x2
y2
+ 1
)
+
ξ2
y2
]
−
(
x¯2 + x2
)( y¯2
x¯2
+ 1
)(
ln
µ2
k2⊥
+ ln
ξ3x
y¯x¯2
)
+ 2
(
x2 + y¯2
)
ln
xy¯
x¯y
−2
(
x2 + y¯2 − ξ¯
) ξ¯ − 2xy¯
x¯y
+ ξ
(
y
x¯
+
x¯
y
)
+ 8xy¯
}
+O(α2s). (40)
From our result we can also derive the µ-evolution of the integrated fracture function. It is given by
∂Fq/hA(x, ξ, k⊥, µ)
∂ lnµ
=
αs
π
∫ 1−ξ
x
dy
y
Pqq(x/y)Fq/hA(y, ξ, k⊥, µ) + · · · . (41)
The explicitly given part is the same as the evolution of the standard quark distribution. Only the
integration range is different because of that Fq is zero for x > 1 − ξ. In Eq.(41) · · · denotes the
contribution from mixing of gluon fracture function, which we can not derive from our existing results.
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Similarly, the factorization in Eq.(25) also holds if we replace the photon with a hadron. In this case,
only contributions with fragmentation functions exist because of that the hadron can only be produced
through parton fragmentation.
4. Factorization of TMD Fracture Function
4.1 Factorization at Large Transverse Momenta
In general TMD fracture function is nonperturbative. However, if the transverse momentum kA⊥
of the parton is much larger than ΛQCD, then the kA⊥-behavior of the TMD fracture function can be
predicted by perturbative QCD. The predictions take different factorizations in the cases where the
transverse momentum k⊥ of the photon is at different orders. We will study the cases with k⊥ ≫ ΛQCD
and k⊥ ∼ ΛQCD.
We consider the case kA⊥, k⊥ ≫ ΛQCD and ℓ⊥ = kA⊥ + k⊥ ≫ ΛQCD. In this case there must
be at least one energetic parton in the intermediate state. At leading order of αs, the dependence is
determined by the process that a primary parton from hA emits one parton and one photon at tree-level
before participating in hard scattering. The primary parton has only the transverse momentum at order
of ΛQCD which can be neglected. Therefore, in the case kA⊥, k⊥ ≫ ΛQCD and ℓ⊥ = kA⊥ + k⊥ ≫ ΛQCD
one expects a factorization of Fq/hA which takes a similar form as that in Eq.(25) with perturbative
coefficient functions depending on transverse momenta. At the leading order of αs the factorization is:
Fq/hA(x, kA⊥, ξ, k⊥) =
∫ 1
x+ξ
dy
y
[
fq/hA(y)Cq(x/y, kA⊥, ξ/y, k⊥) + fg/hA(y)Cg(x/y, kA⊥, ξ/y, k⊥)
]
,(42)
where Cq,g are perturbative coefficient functions. Beyond the leading order, there are other contributions.
At leading order of αs, Cq,g receives contributions from Fig.2 and Fig.4 respectively. The contribu-
tions from Fig.2 are essentially those of the fracture function of an initial quark. The calculations are
straightforward. The results of each diagram in Fig.2 in momentum space are:
Fq/q|2a =
αsCF e
2
2π2k2⊥Dd
[
k2⊥z(1− x/ξ)
Dζ
− zζˆ
2
u
Dζ
(zξ¯ + 2z/ξ¯ − 2ξ¯2 − 2) + ξ¯(Dd/Dζ − 1)
]
+O(ǫ),
Fq/q|2b =
αsCF e
2
2π2k2⊥ℓ
2
⊥
[
zζˆ2u
Dζ
(
k2⊥z
(
ξ2 + x2 + ξx+ x
)
ξξ¯Dd
− ξx+ x+ 1
)
− k
2
⊥xz
ξDd
+
ℓ2⊥
ξDdDζ
(
ξDd + k
2
⊥xz + zζ
2
uξ(z − xξ¯ − 1)
)
− 1
]
+O(ǫ),
Fq/q|2c =
αsCF e
2
2π2k2⊥Dd
[
ξ2Dc(x− ξx¯) + k2⊥z
(
ξ − 3x2 + 2x− 3xξ)
ξξ¯2Dd
− k
4
⊥xz
2(ξ + x)
ℓ2⊥ξ
2ξ¯2Dd
− k
2
⊥z
(
ξ − x2 + ξx)
ℓ2⊥ξξ¯
+
ℓ2⊥(ξ − 2ξx)
ξ¯2Dd
+
x¯Dd
ℓ2⊥
− x¯
ξ¯
]
+O(ǫ),
Fq/q|2d =
αsCF e
2
π2ξ¯2D2d
[
ℓ2⊥((ξ − 2)(ξ + x) + 2)
k2⊥
− Dcξ
(
ξ2 − 2ξ − ξ¯x+ 2)
k2⊥
+
z
(
ξ + z2 + z
)
ξ
]
+O(ǫ),
Fq/q|2e =
αsCF e
2z
π2ξ¯ℓ2⊥Dd
[
k2⊥x
2z
ξ2ξ¯Dd
+
ℓ2⊥x(x− z)
ξξ¯Dd
+
2x2 − ξξ¯ + 2ξx− x
ξ
]
+O(ǫ),
Fq/q|2f = −
2αsCF e
2
π2k2⊥
· zζˆ
2
uγ(ξ)
(ℓ2⊥ + z
2ζˆ2u)
2
+O(ǫ). (43)
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In the above we have used the notations:
ζˆ2u = 2
u−
u+
(P+A )
2, ℓ⊥ = kA⊥ + k⊥, Dc =
(
ℓ⊥ +
zk⊥
ξ
)2
, Dd =
(
ℓ⊥ − zk⊥
1− ξ
)2
+
xzk2⊥
ξ(1− ξ)2 . (44)
The contributions involving gauge links are from Fig.2a, 2b and 2f. For them we need to take the limit
ζˆu →∞ according to our definition in Eq.(7). From Eq.(43) the contributions contain these terms
ζˆ2uz
2
(ℓ2⊥ + z
2ζˆ2u)
,
ζˆ2uz
(ℓ2⊥ + z
2ζˆ2u)
,
ζˆ2uz
(ℓ2⊥ + z
2ζˆ2u)
2
, (45)
which contain the parameter ζˆu. We should take these terms as distributions and take the limit. The
results of the limit are:
ζˆ2uz
2
(ℓ2⊥ + z
2ζˆ2u)
= 1 +O(ζˆ−2u ),
ζˆ2uz
(ℓ2⊥ + z
2ζˆ2u)
2
=
1
2ℓ2⊥
δ(z) +O(ζˆ−2u ),
ζˆ2uz
(ℓ2⊥ + z
2ζˆ2u)
=
1
(1− x− ξ)+ +
1
2
δ(z) ln
x2ζˆ2u
ℓ2⊥
+O(ζˆ−2u ), (46)
with the +-distribution defined as given in Eq.(29). In taking the limit, we should make the following
arrangement for the term with ζˆ2u combined with Dd:
ζˆ2uz
(ℓ2⊥ + z
2ζˆ2u)Dd
=
ζˆ2uz
(ℓ2⊥ + z
2ζˆ2u)
1
ℓ2⊥
+
ζˆ2uz
(ℓ2⊥ + z
2ζˆ2u)
(
1
Dd
− 1
ℓ2⊥
)
, (47)
where the last term is finite at z = 0 in the limit ζˆu → ∞. This is important for the cases when we
integrate over ℓ⊥ later. Otherwise, we will have spurious divergence at z = 0. After taking the limit, we
obtain Cq from Fig.2:
Cq(x, kA⊥, ξ, k⊥) = αsCF e
2
π2k2⊥
[
δ(z)γ(ξ)
ℓ2⊥
(
ln
ζ2u
ℓ2⊥
− 1
)
+
γ(ξ)/z+ − x− ξ¯
ℓ2⊥
− x(ξ
2ℓ2⊥ + z
2k4⊥/ℓ
2
⊥)
ξξ¯2D2d
+
γ(ξ)ξ¯/z+ − x− 1
ξ¯Dd
+
k2⊥(γ(ξ)− z3 + 3z2 + ξz − 4z)
ξξ¯ℓ2⊥Dd
]
+O(ǫ), (48)
where we have neglected terms at higher orders of ǫ = 4 − d. It is interesting to note that there is no
light-cone singularity in the contribution from Fig.2b, i.e., it does not contain terms with ln ζ2u. Only the
contribution from Fig.2a has terms with ln ζ2u. This fact leads to that the Collins-Soper equation of the
TMD fracture function, which governs the ζu-dependence, is the same as that of TMD quark distribution.
This is within expectation.
The contributions to Cg are from Fig.4. The diagrams in Fig.4 are essentially the TMD quark fracture
function of a gluon as target. We obtain:
Fq/g|4a =
e2αsz
2π2ξξ¯Ddℓ
2
⊥
[
x
ξξ¯Dd
(
xz2k2⊥ − ξ
(
z2 + x2 − xz + z2
)
ℓ2⊥
)
+ 2(z + 1)
(
x2 + z2
)
−3
(
x2 + z
)
+ 1
]
+O(ǫ),
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Fq/g|4b =
e2αsz
2π2ξ2ξ¯DdDc
[
−x
ξξ¯Dd
(
xz2k2⊥ + ξ
2Dc
(
ξ¯2 + x¯− x(ξ + 4z)
))
+ x¯
(
−xξ¯ + 4x2 + z2
)
+x3 − (ξ + 2)x+ 1
]
+O(ǫ),
Fq/g|4c = Fq|3d =
e2αsz
4π2ξ2ξ¯DcDdℓ
2
⊥
[
xzx¯z¯k2⊥
(
ℓ2⊥ − ξDc
)
ξξ¯Dd
+ xξ
(
3ξ¯2 − 8xz
) Dcℓ2⊥
ξ¯Dd
+ zξ¯Dd
(
x2 + z2
)
−ξDc
(
ξξ¯2 + x
(
x(x− x¯)− ξ2 − 4ξz
))
+ ℓ2⊥
(
x2(z¯ + x)− (ξ¯ − 2x)2 − x
)]
+O(ǫ). (49)
These results do not depend on ζˆu. From them we have:
Cg(x, kA⊥, ξ, k⊥) = αse
2z
2π2
[
xzk2⊥ − 2ξ2xDc
ξ2ξ¯2DcD
2
d
+
2x2(1 + z)− ξ2x− 3x+ 1
ξ2ξ¯DcDd
+
z(ξ¯2 − 2xz)
ξ2Dcℓ2⊥
−2x
2(z − ξ)− ξ3 − 3ξ2x− x
ξξ¯Ddℓ
2
⊥
− xzk
2
⊥
ξξ¯2D2dℓ
2
⊥
]
+O(ǫ), (50)
where we have only kept the contributions at the leading order of ǫ.
In the case that k⊥, kA⊥ and ℓ⊥ are all much larger than ΛQCD, the k⊥- and kA⊥- dependence are
completely determined by perturbative coefficients Cq and Cg. It is possible that one has k⊥, kA⊥ ≫ ℓ⊥ ∼
ΛQCD. In this case the TMD fracture function can be factorized with TMD quark distribution. By using
the leading order result it is easy to find:
Fq/hA(x, kA⊥, ξ, k⊥) =
∫
dk2q⊥
dy
y
C⊥(x/y, kA⊥, ξ, k⊥, kq⊥)fq/hA(y, kq⊥), (51)
with C⊥ determined as:
C⊥(x/y, kA⊥, ξ, k⊥, kq⊥) = 2e
2δ(1− x− ξ)δ2(kA⊥ + k⊥ − kq⊥) 1
k2⊥
γ(ξ) +O(αs). (52)
Beyond the leading order here the parton fragmentation functions of a photon will be involved.
With the given results of Fig.2 and Fig.4 we can take the limit kA⊥ ≫ k⊥ ∼ ΛQCD to find the
factorization in this limit. It is straightforward to find that the contributions from Fig.4 are proportional
to 1/k4A⊥, while the contributions from Fig.2 are proportional to 1/k
2
A⊥. Therefore, we can neglect the
contribution from Fig.4. The contribution from Fig.2 in the limit reads:
Fq/q(x, kA⊥, ξ, k⊥)
∣∣∣∣
F ig.2
=
e2αsCF
π2k2⊥k
2
A⊥
γ(ξ)
ξ¯
[
δ(1 − x/ξ¯)
(
ln
ζ2u
k2A⊥
− 1
)
+
2
(1− x/ξ¯)+
− 1− x/ξ¯
]
. (53)
Comparing the leading order result of the integrated fracture function in Eq.(26), we find the factorization
in the limit kA⊥ ≫ k⊥ ∼ ΛQCD at the leading order of αs as:
Fq/hA(x, kA⊥, ξ, k⊥) =
∫ 1−ξ
x
dy
y
Cq(x/y, kA⊥, ζu)Fq/hA(y, ξ, k⊥), (54)
with the perturbative coefficient function given by:
Cq(x, kA⊥, ζu) =
αsCF
2π2k2A⊥
[
δ(1 − x)
(
ln
ζ2u
k2A⊥
− 1
)
+
2
(1− x)+ − 1− x
]
+O(α2s). (55)
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In this case only the kA⊥-dependence is determined by perturbative QCD, as expected. The +-distribution
here is the standard one.
4.2. Factorization in Impact-Parameter Space
In this section we study factorization of the fracture function in b-space. We consider the limit b→ 0.
In this limit, the function can be factorized into different forms, depending on the order of k⊥. We first
look at the case that k⊥ ≫ ΛQCD. In this case, the dependence on k⊥ can be calculated with perturbative
theory. The expected form of the factorization reads:
Fq/hA(x, b, ξ, k⊥) =
∫ 1
x+ξ
dy
y
∑
a
fa/hA(y)Hˆa(x/y, b, ξ/y, k⊥)
+
∑
ab
∫
dy
y
∫
dz
z
fa/hA(y)Db(z)Hˆab(x/y, b, ξ/(yz), k⊥/
√
z) +O(b). (56)
The factorization form is similar to that given in Eq.(25). At one-loop level, only the perturbative
coefficient functions Hˆq,g and Hˆqg are nonzero. Others become nonzero beyond one-loop. To determine
perturbative coefficient functions, we note that these functions do not depend on the initial hadrons. They
are determined by fracture functions of an initial parton instead of a hadron, i.e., fracture distributions
of a parton. Therefore, we need to calculate Fq/q and Fq/g. At tree-level, we have Fq/q and hence Hˆq as:
Fq/q(x, b, ξ, k⊥) = Hˆq(x, b, ξ, k⊥) = 2e2δ(1− x− ξ)
1
k2⊥
(
γ(ξ)− ǫ
2
ξ2
)
+O(αs) +O(b). (57)
Other perturbative coefficient functions are zero at tree-level. They become nonzero at higher orders of
αs.
The one-loop correction to the tree-level Fq is represented by diagrams in Fig.2 and Fig.3. The
correction from Fig.2 is the real part, while the correction from Fig.3 is the virtual part. The virtual part
in the transverse momentum space is proportional to δ2(ℓ⊥) as the tree-level result does. We obtain the
virtual part of each diagram after the subtraction of U.V. poles in the b-space as:
Fq/q
∣∣∣
3a
= −e
2αsCF
2π
δ(z)γ(ξ)
1
k2⊥
[
ln2
k2⊥
ξζ2u
+ ln
k2⊥
ξµ2
+ ln
k2⊥
ξζ2u
+
4π2
3
− 2
]
,
Fq/q
∣∣∣
3b
=
e2αsCF
π
δ(z)
1
k2⊥
[
1
2
γ(ξ) ln
ξµ2
k2⊥
+ ξξ¯
(
2
ǫc
+ ln
ξµ˜2c
k2⊥
)
+
3
2
ξξ¯ + 1
]
,
Fq/q
∣∣∣
3c
=
e2αsCF
π
δ(z)
1
k2⊥
{
−2γ(ξ)
ǫ2c
+
1
ǫc
[
γ(ξ) ln
ζ2u
x2µ˜2c
+ ξ2 + 2ξ − 4
]
+
1
4
γ(ξ)
(
ln2
ζ2u
x2k2⊥
− 1
2
ln2
ζ2u
x2µ˜2c
+ ln2
k2⊥
µ˜2c
)
+
1
8
γ(ξ) ln
ζ2u
x2µ˜2c
(
ln
ζ2u
x2k2⊥
− 3 ln k
2
⊥
µ˜2c
)
−1
4
(
ξ2 − 2γ(ξ) ln ξξ¯2 − 3ξ + 2
)
ln
ζ2u
x2k2⊥
− 1
4
(
ξ2 − 2γ(ξ) ln ξ + 3ξ − 2
)
ln
ζ2u
x2µ˜2c
−1
4
(
ξ2 + 2γ(ξ) ln ξ + ξ − 6
)
ln
k2⊥
µ˜2c
+
γ(ξ)
2
ln2 ξξ¯ − γ(ξ)Li2
(−ξ/ξ¯)
−π
2γ(ξ)
24
+ (ξ − 2)(2 + ln ξ)
}
,
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Fq/q
∣∣∣
E
= −e
2αsCF
2π
δ(z)
1
k2⊥
{
γ(ξ)
[(
− 2
ǫc
+ ln
µ2
µ˜2c
)
− 2
(
− 2
ǫc
+ ln
µ2
µ˜2c
)
+2
(
1 + ln
ξµ2
k2⊥
)]
− ξ2
}
, (58)
where the poles given as 1/ǫc with ǫc = 4−d are either collinear ones or I.R. ones. µ is the renormalization
scale from the U.V. subtraction. There is a term with the double pole from Fig.3c. This double pole
consists of a collinear pole and an I.R. pole. b˜2 is given by b2e2γ/4. In Eq.(58) the last two lines stand
for the sum of the virtual corrections from corrections of quark propagator, external quark lines and the
self-energy of gauge links.
The real part of one-loop corrections is given by Fig.2. The result of Fig.2 in the transverse momentum
space is essentially given in Eq.(43). The transformation into b-space is tedious. We give the result of
each diagram of Fig.2 for small b:
Fq/q
∣∣∣
2a
=
e2αsCF
πk2⊥
{
−2γ(ξ)
ǫ2c
δ(z) +
γ(ξ)
ǫc
δ(z)
(
ln
µ˜2c
ζ2u
− 2 ln µ˜
2
cξ
k2⊥
+ 1− 2 ξ¯
γ(ξ)
)
−δ(z)
2
[
ξ2
(
ln
µ˜2c
ζ2u
− 2 ln µ˜
2
cξ
k2⊥
)
+ γ(ξ)
(
−1
2
ln
(
b˜2µ˜2c
)
ln
µ˜2c
b˜2ζ4u
+ ln
µ˜2c
k2⊥
ln
µ˜2cξ
2
k2⊥
+ ln2 ξ +
π2
4
)]
+γ(ξ)
[
−
(
1
z
)
+
(
ln b˜2k2⊥ + ln
x
ξξ¯2
)
−
(
ln z
z
)
+
+
1
ξ¯
(
ln b˜2k2⊥ + ln
xz
ξξ¯2
)]}
+O(b),
Fq/q
∣∣∣
2b
=
e2αsCF
πk2⊥
{
4γ(ξ)
ǫ2c
δ(z) +
(
2
ǫc
+ ln
µ˜2cξ
k2⊥
)[
δ(z)
(
γ(ξ) ln
µ˜2cξ
k2⊥
− ξ2
)
+
1
z¯
(
− γ(ξ)
(z)+
+ xξ¯ + x+ 2
)]
+
1
z¯
[(
− γ(ξ)
(z)+
+ xξ¯ + x+ 2
)
ln
ξ¯
zz¯
+
(
1
z
)
+
(
ξ2 − γ(ξ) ln z
)
+ γ(ξ)
(
ln z
z
)
+
− ξ2
]
+
γ(ξ)δ(z)
2
(
− ln2 µ˜
2
cξ
k2⊥
+
π2
6
)}
+O(b),
Fq/q
∣∣∣
2c
=
e2αsCF
πk2⊥
[
ξx
z¯
(
2
ǫc
+ ln
µ˜2c
k2⊥
)
+
(
ξx
z¯
+
x¯
2
)
ln
ξx
zz¯2
+
x¯
2
ln
xz
ξξ¯2
+
γ(ξ)x+ ξ
ξ¯z¯
− z¯
ξ¯
+ ξ − x
]
+O(b),
Fq/q
∣∣∣
2d
=
e2αsCF
πk2⊥ξ¯
2
[
−γ(ξ)z
(
ln b˜2k2⊥ + ln
xz
ξξ¯2
+ 1
)
+ ξx
]
+O(b2),
Fq/q
∣∣∣
2e
=
e2αsCF
πk2⊥
[
−z
(
1 +
x2
z¯2
)(
2
ǫc
+ ln
µ˜2c
k2⊥
+ ln
ξx
zz¯2
)
+
ξξ¯
z¯
]
+O(b),
Fq/q
∣∣∣
2f
=
e2αsCF
πk2⊥
δ(z)
(
2
ǫc
γ(ξ) + γ(ξ) ln(b˜2µ˜2c)− ξ2
)
+O(b), (59)
with the +-distribution defined as in Eq.(29). In both real- and virtual corrections there are divergent
contributions given by terms containing poles in ǫc. In our results, the U.V. divergences are subtracted or
regularized by the nonzero impact parameter b. The light-cone divergences are regularized by non-light
cone gauge links. In the limit d → 4 we have only the divergent contributions which have poles in ǫc.
When we sum these divergent contributions, we find that all double poles are cancelled and the sum
contains only collinear single poles:
Fq/q
∣∣∣∣
div.
=
e2αsCF
π
1
k2⊥
(
2
ǫc
)
γ(ξ/y)
(
− 3
2
δ(1− y)− 1 + y
2
(1− y)+
)
, y = x+ ξ (60)
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with the +-distribution as the standard one given in Eq.(33). Using the result of the quark distribution of
a quark as the target in Eq.(34), we find that the collinear divergent part of the one-loop contribution of
Fq/q from Fig.2 and Fig.3 can be factorized into the quark distribution function. Therefore, the one-loop
contribution to the perturbative coefficient function Hˆq is finite. We find that our one-loop result of Hˆq
can be written in the form:
Hˆ(1)q (x, b, ξ, k⊥) = −
e2αsCF
πk2⊥
γ(ξ)
[
γ(y¯/ξ¯)
(
1
(y¯)+
− δ(y¯) ln ξ¯
)
ln(b˜2µ2) +
1
2
δ(y¯)
(
ln2(b˜2ζ2ue
−1)
+3π2 + 3
)]
+H(1)q (x, ξ, k⊥) +O(α2s), (61)
where H(1)q is given in Sect. 3.
At the order of αs, the perturbative coefficient functions Hˆg and Hˆgq become nonzero. They are
determined by calculating the fracture function of a gluon. The contribution is represented by diagrams
in Fig.4. It is noted that there is no U.V. divergence and ζu-dependence in the contribution. Because
of that it is U.V. finite, the contribution from each diagram in Fig.4 in the small-b limit is the same
as given in Eq.(36). Therefore, the factorization is the same as discussed in Sect.3. Because of this,
the perturbative coefficient functions Hˆg and Hˆgq are the same as Hg and Hgq given in the last section,
respectively. We have:
Hˆg = Hg +O(α2s), Hˆgq = Hgq +O(α2s). (62)
Beyond one-loop level, they become different.
The factorization given in Eq.(56) is for the case for k⊥ ≫ ΛQCD. The k⊥-behavior is determined by
the perturbative coefficient functions given in the above. If k⊥ is at the order of ΛQCD, the behavior can
not be predicted by perturbative QCD. In this case, another factorization is needed. By comparing the
result of the integrated fracture function, we find that the TMD fracture function can be factorized with
the integrated fracture function as:
Fq/hA(x, b, ξ, k⊥) =
∫ 1−ξ
x
dy
y
Cq(x/y, b, ζu)Fq/hA(y, ξ, k⊥), (63)
where Cq is the perturbative coefficient function. It is given by:
Cq(x, b, ζu) = δ(1 − x)− αsCF
4π
[
2(1 + x2)
(1− x)+ ln(b˜
2µ2) + δ(1 − x)
(
ln2(b˜2ζ2ue
−1) + 3π2 + 3
)]
+O(α2s). (64)
This formula is for the case of k⊥ ∼ ΛQCD. The k⊥-behavior is described by the integrated fracture
function which is nonperturbative.
From our results represented in this section, we can directly derive the evolution equations of µ and
ζu. The µ-evolution is given by:
∂Fq/hA(x, b, ξ, k⊥, ζu, µ)
∂ lnµ
= 2γFFq/hA(x, b, ξ, k⊥, ζu, µ), γF =
3αsCF
4π
+O(α2s), (65)
where γF is the anomalous dimension of quark fields in axial gauge. The evolution equation of ζu is called
as Collins-Soper equation[10], which is very useful for resummation of large log’s in perturbation theory.
From our explicit result we obtain Collins-Soper equation of the fracture function:
∂Fq/hA(x, b, ξ, k⊥, ζu, µ)
∂ ln ζu
= −αsCF
π
(
ln
ζ2ub
2e2γ−1
4
)
Fq/hA(x, b, ξ, k⊥, ζu, µ) +O(α2s). (66)
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These two evolution equations are exactly the same as those of quark TMD parton distributions, as
expected. It is noted that one can define subtracted fracture function with the soft factor as discussed in
Sect.2. for TMD quark distributions. In this case, the Collins-Soper equation can be derived only from
the soft factor, whose results at three-loop are derived in [24, 25].
5. Summary
We have discussed factorizations of production of a lepton pair combined with a diffractively pro-
duced photon in hadron-hadron collisions. In different kinematic regions factorizations can be made
with different fracture functions. We take the diffractively produced particle as a photon to show at
one-loop level that TMD- and integrated quark fracture function can be factorized with standard parton
distribution functions and fragmentation function, if the transverse momentum of the produced photon
is much larger than ΛQCD. In the b-space with the small transverse momentum of the photon, the
TMD fracture function is factorized with the integrated fracture function. From our explicit calcula-
tions, the renormalization group equation of integrated fracture function and Collins-Soper equation of
TMD fracture function are derived. The derived equations are in agreement with expected. Our main
results provide a connection between factorizations with fracture functions and those with twist-2 parton
distribution functions and fragmentation functions. They will be helpful for resummations of large log
terms in collinear factorizations of relevant processes and building phenomenological models of fracture
functions.
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